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1. Introduction 



The Donaldson polynomial invariants are powerful tools for classifying the smooth struc- 
tures of four-manifolds fUH. For a Riemann manifold with b^ > 3, these polynomials are 
well-defined and metric independent, as long as it is generic. 

On the other hand, for a manifold with b% = 1, the polynomials depend on metric 
in a very interesting way This is due to the reducible anti-self-dual (ASD) connections 
which appear at finite points of the generic smooth path connecting two generic metrics. 
The first example was studied by Donaldson in his seminal paper on the failure of the 
h-cobordism conjecture . His formula was further studied in detail by Friedman- Morgan 
||], and generalized by Kotschick ||, Mong ||, and Kotschick-Morgan 0. 

The topological Yang-Mills (TYM) theory proposed by Witten is a field theoretic in- 
terpretation of the Donaldson invariants II. The relation with the theory to the BRST 
q nant iz ation were much studied in giOBOiJ It is a,so a new m a t he m atiea. 



viewpoint on the Donaldson invariants due to the Atiyah- Jeffrey re-interpretation |16| of 
the Witten's approach as an infinite dimensional generalization of the Mathai-Quillen rep- 
resentative []r7J of the equivariant Thorn class. The TYM theory on compact Kahler surface 
was studied in some detail by the second author [18] . It was shown that the theory has two 
global fermionic symmetries.! The theory can be interpreted as an infinite dimensional 
version of a Dolbeault equivariant cohomological analogue of the Mathai-Quillen formalism 
20[jpl |. Witten studied the Kahler case by twisting the N = 2 super- Yang-Mills theory 



and determined the Donaldson Polynomial invariants for Kahler surfaces with b\ > 3 al- 
most completely [^2| . His approach gives yet another new perspective on the Donaldson 
theory since he related the theory to the infrared behavior of the N = 1 super- Yang-Mills 
theory. 

On the other hand, to the authors' knowledge, no serious attempt has been made 
for the field theoretic study of the Donaldson polynomial invariants for manifolds with 
b 2 = !•§ The TYM theory may not be well-defined in the presence of the reducible 



1 We refer to ref. [15] as a review and for further references. 

2 The first formulation of the TYM theory on Kahler surface was given by [19|. 

3 In ref. [23], it was shown that the variation of the Donaldson invariants is related to the 
holomorphic anomaly. 
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anti-self-dual (ASD) connections. The reducible connections also contribute to the non- 
compactness of the space where the path integral is localized, due to the flat directions of 
the scalar potential. This makes the topological interpretation of the theory unclear 



Furthermore, the crucial perturbation of Witten [£2| , inducing the mass gap to the theory, 
is not applicable to this caseS. 

In this paper, we study the SU(2) Donaldson polynomial invariants of a simply con- 
nected compact Kahler surface X with the vanishing geometric genus p g (X) = 0, i.e., 
&2 (X) = 1, based on the holomorphic Yang-Mills (HYM) theory [^5j. The HYM theory 



was proposed by the second author to provide yet another field theoretic interpretation of 
the Donaldson invariants of Kahler surface, adopting the two dimensional construction of 
Witten HU. It was shown that there exists a simple mapping to TYM theory on Kahler 



surface analoguos to the mapping from two-dimensional TYM theory to the physical YM 
theory. It turns out that the HYM theory is more useful for manifold with p g = i. A 
la HYM theory we will show that the path integral approach to the Donaldson theory is 
well-defined whatever properties the moduli space of ASD connections has ||. 

The basic idea of the HYM theory is that the moduli space of ASD connections over 
Kahler surface is the symplectic quotients in the space A 1,1 of all holomorphic connections. 
Classically, the action functional of the HYM theory is the norm squared of moment map. 
The partition function of the theory can be expressed by the values of the moment map 
at the critical points of the action functional. The spectrum of the critical points, as one 
varies the metric, depends on a certain chamber structure of the positive cone. By studying 
the partition function and some correlation functions in the small coupling limit, one can 
obtain the expectation values of certain topological observables of TYM theory. It turns 
out those expectation values are well-defined and depend only on the chamber structure 
of the metric. 



The basic method of our calculation is the fixed point theorem of Witten |27| . Unfor- 



tunately, we could calculate only one of the two branches of the fixed points. The branch 
we calculate does not contain any information on the genuine diffeomorphism invariants. 
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In ref. [ 20 1 , we have exploited the origin of the mass gap in terms of the Dolbeault model of 



the equivariant cohomology. 

5 The HYM theory was also used to determine the non-algebraic part of the Donaldson invariants 
of manifold with H 2 ' ^ |0|. 
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While we were struggling with this problem, the Donaldson theory evolved into the new 
dimension by the fundamental works of Seiberg and Witten on the strong coupling proper- 
ties of the N — 2 super- Yang-Mills theory |28|] |H| . By exploiting a dual Donaldson theory 
(Seiberg- Witten theory), Witten determined the invariants completely for Kahler surface 
with 6+ > 30. This new method resolves all of the difficulties of the Donaldson theory as 
well as the TYM theory, such as the non-compactness of the moduli space of ASD connec- 
tions. For a manifold with b% = 1, Witten's new approach has an additional complication 
comparing to the case with > 3[30|. The calculation we have done in this paper can 
be viewed as the path integral contributed from the generic points of the quantum moduli 
space (the complex u-plane in pOfl ) except the two singular points. We will argue that 
the remaining branch of the partition function of HYM theory may be obtained by the 
Seiberg- Witten invariants which corresponds to the path integral contributed from the two 
singular points in the quantum moduli space. 

As a matter of fact, the expectation values of TYM theory are not identical with the 
corresponding Donaldson invariants. The difference is originated from the compactifica- 
tion of the moduli space ASD connections in the mathematical definition of the Donaldson 
invariants. In the field theoretic approach, both TYM and HYM theories do not refer 
to any compactification procedure. In any case, the path integrals are turned out to be 
well-defined though the moduli space is rarely compact. To recover the original Donald- 
son invariants some explicit prescription for incorporation of the compactification may be 
required. There are many reasons that the only difference between the two approaches 
is that the Donaldson theory has additional contributions due to reducible connections 
with lower instanton numbers. However, the additional part does not have any relevant 
information on the diffeomorphism class of the underlying manifolds. 

We will interpret our results as the contributions of the original moduli space of ASD 
connections which is the top stratum of the compactified moduli space. Then, our results 
can be used to determine the transition formula of the Donaldson invariants. In some 
respects our results are more general than the known mathematical results. We also deter- 
mine the non-analytic (non-polynomial) property of the invariants when the moduli space 
is singular. We believe that our formula gives a very clear and an intuitive understanding 
of the mechanism of the variation of the Donaldson invariants. This allows us to predict a 
rather detailed formula of the Donaldson invariants if the transition formula is known. 
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The invariants and the explicit transition formulas for some special cases were calculated 
in [[TL] |32|] . While we are preparing this paper the general transition formula appeared 
in term of some enumerative geometry of the Hilbert schemes ||33|| ||34]| [p5| . The paper of 



Friedman and Qin [33] contains some explicit results on the transition formula. The paper 
of Ellingsrud and Gottsche [^contains more general explicit results.^. Their mathematical 
picture on the variation of the moduli space is quite similar to our physical picture. At the 
moment, the invariants are calculated only for some special cases and no general explicit 



transition formula is known [|3TJ J32|] . 

This paper is organized as follows. In Sect. 2, we review the Donaldson polynomial 
invariants, the TYM theory and the HYM theory. We show that the HYM theory is a 
natural field theoretic model for the Donaldson invariants of manifolds with p g = 0. In 
Sect. 3, we give the path integral calculation of the HYM theory and obtain an effective 
theory. In Sect. 4, we examine the small coupling behavior of the partition function and 
expectation values of topological observables. Then, we study the variation of the path 
integral according to the variation of the metric. In Sect. 5, we obtain the expectation 
values in the TYM theory from the result of HYM theory. We argue that the unknown 
branch of the path integral corresponds to the Seiberg-Witten monopole invariants. After a 
brief discussion of some properties of the monopole invariants, we show that the expectation 
values of TYM theory depends only on certain chamber structures in the space of metric. 
In Sect. 6, we discuss some natural implications of our results on the Donaldson invariant 
and its transition formula, as well as some conjectures and speculations. 



2. The Donaldson Polynomials and Holomorphic Yang-Mills Theory 

In this section, we review the Donaldson theory, TYM theory and HYM theory on 
a manifold with b% (X) = 1. Throughout this paper, for simplicity, we consider a simply 
connected compact algebraic surface X and the SU(2) polynomial invariants only. There is 
no loss of generality to consider the algebraic surface only since any Kahler surface deforms 
to an algebraic one. We hope we can treat more general gauge group in the future. 



We would like to thank L. Gottsche for pointing us out, after our first version, the expanded 



version of [34] which contains the explicit results. 



Let X be a simply connected projective algebraic surface with Kahler-Hodge metric g 
and associated Kahler form to of type (1, 1). Since X is a projective space, we have an ample 
line bundle H over X whose first Chern Class c\{H) G H 2 (X;Z) is given by the Kahler 
form <jj. We will occasionally confuse a line bundle with its first Chern class as well as with 
the the corresponding divisor. By the Kodaria projective embedding theorem, sections of 
some positive tensor power H® m of the ample line bundle define projective embedding of 
X to some complex projective space whose hyperplane section class is Poincare dual to 
m[ui\. A line bundle L is ample if and only if L ■ L > and L ■ c > for every complex 
curve c in X, where ' • ' denotes the intersection pairings, i.e., L ■ L = J x c\{L) A c\{L). 
They defines a positive cone called ample cone (or Kahler cone) Conex in the space of 
H 2 (X;R). 

For a given metric we can decompose the space H 2 (X) of harmonic forms on X into the 
space H+(X) of self-dual and the space H_(X) of anti-self-dual harmonic forms. Similarly, 
we have 62 = b^ + b^ where 62 = dimH 2 (X) and bf = dimH±(X). From the Hodge 
index theorem, we have 

b+ = l + 2 Pg , (2.1) 

where the one-dimensional piece is spanned by the Kahler form u and the geometric genus 
p g is the number of (harmonic) holomorphic two-forms. For an arbitrary vector bundle 
valued two-form we have the similar decompositions, i.e. the self-dual part of the curvature 
two-form F + (A) can be decomposed as 

F+(A) = F 2 '°(A) + f(A)u + F°' 2 (A), (2.2) 

where f(A) = |AF 1 ' 1 (A). Here A denotes the algebraic trace operator which is adjoint to 
the wedge multiplication of the Kahler form. The intersection form qx between harmonic 
two-forms is an unimodular (due to the Poincare duality) and symmetric 62 x ^2 matrix 
with signature (b £ — b^)- That is, upon diagonalization of qx it has b J positive entries 
and b^ negative entries. It is also called of type (6^, 63 )• This comes from the simple fact 
that 

qx{oi-i ot) = a • a = / a A a = / a + A a + + / a~ A a~ 
Jx Jx Jx 



a + A *a + — a A *a (2.3) 
x Jx 



= / \a + \ 2 d(j> — / I of 
Jx Jx 

where * is the Hodge star operator and dji = uj 2 /2! is the volume form. Thus X has = 1 
if and only if p g = and its intersection form is of type (1, b^) ■ 
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2.1. The Donaldson polynomial invariants 



Let £ be a complex vector bundle over X with the reduction of the structure group to 
SU(2). The bundle E is classified by the instanton number k, 

k=<c 2 (E),X>= ^ J Tr(FAF) eZ+, (2.4) 
where Tr is the trace in the 2-dimensional representation and Tr (£) 2 = — 1£| 2 on 511(2). Let 



Ak be the space of all connections of E and A^ 1 G Ak be the subspace consisting of the 
connections whose curvatures are of type (1, 1), i.e. A e Ajj 1 iff F 0,2 (A) = 0. We will call 
a connection A holomorphic if A e A^ 1 . Let Q be the group of the gauge transformations. 
We denote Aik(g) to the moduli space ASD connections with respect to a (Riemann) 
metric g. We denote A% the space of irreducible connections, and thus, -A^ 1 ' 1 = A* k fl A l k ,X 
and Ai%{g) = A* k fl Aik(g)- The virtual complex dimension of Aik(g) is d = Ak — 3. 

We briefly review a definition of the Donaldson polynomial invariants@. For a manifold 
with > 0, there are no reducible ASD connections for a generic choice of the metric. 
Let g be such a generic metric. Then Ai k{g) = M* k {g) is a smooth manifold with actual 
complex dimension d. Since the moduli space is rarely compact one should compactify Ai^ 
to get a fundamental homology class. The Donaldson-Uhlenbeck compactification Aik of 
Ail is the closed subset of the embedding of Aik to the disjoint unioni, 

k 

[j Ai e xSym k - e (X). (2.5) 

The compactified space includes the ASD moduli spaces with lower instanton numbers 
in the lower stratas which can contain reducible ASD connections. To get a well-defined 
invariants we should choose the metric such that it does not admit any reducible ASD 
connections with instanton numbers 1, k. The genericity of the metric always means to 
satisfy this additional requirement. Let 

f,:H 2 (X;Z)^H 2 (Ait(g);Z) (2.6) 



7 There are several other more conceptually elaborated and powerful definitions. For details, the 
reader can consult the excellent book [Q] . The definition of the invariants in this introduction is to 
emphasize that one should also take care of the reducible ASD connections with lower instanton 
numbers. 

8 For manifold with p g =0, it was recently shown that the compactified moduli space Aik can 



be identified with the total space itself [36]. 
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be the Donaldson /U-map. Then we have a natural extension of \i 

77: H 2 (X;Z) ^ H 2 (M k (g);Z). (2.7) 

For k > 1 (the stable range), the compactified moduli space carries the fundamental 
homology class. The Donaldson polynomial q x _ k , 

q x , 9 ,k(^ -» E 4fc- 3 ) =< /Z(£i) - ... - /l(£4fc-3), > (2-8) 

defines the map; 

H 2 (X, Z) x ■■■ x H 2 (X, Z) -> Z, 

which is well-defined for the generic metric g. 

The above definition of the Donaldson polynomial is basically the same as those for 
manifolds with b 2 > 1- The special feature of the manifold with b^ = 1 is that the 
polynomial actually depends on the metric. To show that the polynomial ( |2.8| ) is metric 
independent, one should consider a smooth generic path gt of metrics joining the two 
generic metrics and show that its value does not change according to the variation of the 
metric. This amounts to show that the one parameter family of the moduli space A4k(gt) 
or rather its compactification M.k(9t) does not depend on g t at the level of homology. This 
can be ensured if there is no point in gt which admits the reducible ASD connections. 

A SU (2) connection is reducible if the SU (2)-bundle reduces to direct sum of line 
bundles E = C©C _1 - Since the bundle E is classified by the second Chern-Class, from the 
Whitney formula, we have the following condition for the bundle reduction 

k =< 02(E), X >= - Cl (C) • c^C 1 ) = -ci(C) • ci(C) = -C " C (2-9) 

where ci(() = H 2 (X,Z,). Since k should be positive definite to admit ASD connection, 
the self-intersection of line bundle should be negative definite to solve above equation. Let 
uj g be the family of the self-dual two-forms associated with a metric g. The metric admits 
reducible ASD connection if and only if 

/ Cl (C)A^ = 0. (2.10) 
Jx 

If the number of self-dual harmonic form, whose self-intersection is positive definite, is 
greater than 0, we can avoid the reducible connection by perturbing metric such that there 
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are no reducible connection for generic choice of metric. Now we consider a smooth generic 
path gt of the metric joining two generic metrics. For manifold with b\ > 1 such a path 
can always avoid metric admitting the reducible ASD connection. However, for manifold 
with &2~ = 1 there can be at least finite number of the points in gt which admit reducible 
ASD connections since the subspace of ASD two-forms in the space H 2 (X;M.) has the 
codimension one. 

Since we are considering the compactified moduli space, we should also consider all the 
bundle reductions given by 

-fc < C * C < -i, (2-11) 
where ( G H 2 (X]1). Then, the compactified moduli space M.k{g) does not contain any 
reducible ASD connection if and only if J x ci(£) A u g ^ for all ( satisfying ( |2.11[ ). A 
proper definition of the Donaldson polynomials requires the systematic understanding of 
the appearance of the reducible ASD connection as one varies the metric. 

2.2. The chamber structure 

Let be the positive cone in H 2 (X; M.) defined by 

n x = {e g H 2 (X;R)\e-e > o}. (2.12) 

Since the intersection form qx is of type (l,n) the positive cone has two connected com- 
ponents. For each element £ satisfying ( |2.11|) one defines the wall = W-^ by the 
intersection of the hyperplane C, 1 ' G H 2 (X;M.) orthogonal to £, i.e., £ • £ — 0, with fix- 
We denote We by the collection of walls defined by all ( G H 2 (X; Z) satisfying C • C = 
We also denote the system Wk of walls by 

W fc = |J We. (2.13) 

l<£<k 

The set C x of chambers! is the set of the connected components of fix after removing Wk- 

9 The physicist reader may find it easy to understand the chamber structure by an analogy with 
(1 + n) dimensional Minkowski space with metric diag(l, —1, . . . , —1). This analogy is rigorous 
if the intersection form is odd. The vector space H 2 (X;W) corresponds to the Minkowski space. 
The intersection form is just the metric form and the positive cone corresponds to the future light- 
cone. We consider the future cone which contains the ample cone. An integral class £ G H 2 (X; Z) 
corresponds to a vector and its intersection number to the norm squared of the vector in the 
Minkowski space. An integral class with negative self-intersection number corresponds to a space- 
like vector. Then the wall is defined by a space-like hyperplane. Definitely, the hyperplane 
orthogonal to a vector intersect with the time-like space if and only if the vector is space-like. 
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Without loss of generality one can only consider one of the two connected components of 
fix which contains the Kahler cone. It is convenient to choose a level set H(q) G fix 
defined by the n-dimensional hyperbolic space satisfying 9-9 = 1. A metric g determines 
a line0 in Ox made up of the cohomology classes represented by g-self-dual harmonic two 
forms uj g . Let [u g ] be the point of the line intersects with H(q). Now we can see that the 
compactified moduli space contains reducible ASD connection if and only if [u g ] lies in one 
of the walls. 



The right-hand side is the the Poincare model for H(q) and C denote the chamber containing u g . 
The pattern repeats to infinity. 

For a smooth path gt of metrics we have the corresponding path [uj gt ] in H(q). Although 
the moduli space Aik(gt) and its compactification certainly depends on t, it may not be 
changed at the level of homology. If [uj gt ] is contained in a chamber, the homology class 
of [M.k{gt)\ does not depend on g t . On the other hand, if u gt crosses the walls, special 
things happen such that the moduli space is changed even at the level of homology. The 
variation of the homology class of the moduli space is essentially due to the appearance of 
the reducible ASD connection. 

10 Note that the space of self-dual harmonic two-forms is one-dimensional. 




Fig. 1. A typical chamber structure § for a manifold X of type (1, 2) and k = 1 i.e., C'C = — 1- 
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After picking a generic metric g such that [u g ] lies in one of the chambers C £ C x and 
consider 

Qx, 9 ,k(^ k ~ 3 ) (2-14) 
an element of Sym 4fc_3 (if 2 (Y; Z)), we can define the map 

r^:C^Sym 4fc - 3 (if 2 (X;Z)), (2.15) 

which depends only on the chamber structure C x in Ox- The 5'L r (2)-invariants of X 
introduced by Donaldson |J and extended by Mong || and by Kotschick- Morgan 0[]7|] 
are the assignments 

T x : C x - Sym 4fe - 3 (# 2 (X, Z)), (2.16) 
The polynomial T X (C) depends only on the chamber with following properties: 

i) T k x (-C) = -T x (C) 

ii) If / : Xi — > X2 is an orientation preserving diffeomorphism between two such mani- 

folds, thenr Xi (r(c)) = r(r X2 (c)). 

The computation of the Donaldson invariant amounts to determine the invariant in a 
certain chamber and to find a general transition formula its variations when [u gt ] cross 
the walls. The Donaldson polynomial invariants q x fc (£ 4fc_3 ) may not be well-defined 
if [uj g ] lies one of the walls due to the singularity in the moduli space. One can also 
extend the definition of the invariants including the four-dimensional class such that 
Qx, g ,k(^ k ~ 3 ~ 2r (pt) r )- We will denote Y k x {C) for the corresponding assignments which 
also depend only on the chamber structure. This extension becomes more problematic 
when the moduli space has singularity. 



2.3. The topological Yang-Mills theory 



To begin with, we recall the N = 2 TYM theory on compact Kahler surfaces \TB] [2~2\ [EOj . 
The theory has N = 2 global supersymmetry whose conserved charges s and s can be 
identified with the operators of ^-equivariant Dolbeault cohomology of A. The algebra for 
the basic multiplet (A', A", ip, tp, ip) [|18| is 

sA' = -ip, sip = 0, 

sA' = 0, sip = —idAtp, s(p = 0, 

(2.17) 

sA" = 0, sip = —idA<p, sip = 0, 

sA" = -ip, sip = 0, 
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where A' and A" denote the holomorphic and anti-holomorphic parts of the connection 
one-form A = A' + A", ip e O 1 ' (g E ), tp e fi o,1 (0 E ) and tp efl°(Q E ). Note that ip can be 
identified with holomorphic (co) tangent vectors on A. The fields have additional quantum 
numbers characterized by the degree (*,*). The operator s carries the degree (1,0) and 
s carries the degree (0, 1). Assigning the degree (0, 0) to the connection A, ip is of degree 
(1,1). In terms of the equi variant co homology the above algebra can be represented as 
follows. We let fi*'*(*4) be the Dolbeault complex on A. Now we interpret Fnn(Lie(Q)) to 
the algebra of polynomial functions generated by <p a . Then the desired Dolbeault model 
of the ^-equivariant complex is fig'* = (Q*<*(A) <g> Fun(Q)) g . The associated differential 
operators with the degrees (1, 0) and (0, 1) are s and s, represented by 



E^4+»E« 



dip* 

(2.18) 



8A' H ^ r a dtp v 

i i,a 

where i, i are the local holomorphic and anti-holomorphic indices tangent to A, respectively. 
We have 

s 2 = 0, ss + ss = -i^ a C a , s 2 =0, (2.19) 

Thus, {s,s} = on the (/-invariant subspace fig* of fi*'*(*4) ® Fun(Lze(^)). We define 
the Q-equivariant Dolbeault cohomology Hg*(A) by the pairs (Qg*(A), s). It was shown 



that for manifold with p g = the s-cohomology is isomorphic to the s cohomology |[20|| . 



The action functional of iV = 2 TYM theory can be viewed as the Dolbeault equivariant 
cohomological version of the Mathai-Quillen representative of the universal Thorn class0 
of the infinite dimensional bundle A — > A/Q. We consider the vector space V of g^-valued 
self-dual two- forms with a linear Q action on it. Then we can form a homology quotient 
Eg = A xg V . Then there exists a equivariant map 

F + :A — >V by A — >F + (A), (2.20) 



11 The standard reference on the de Rham equivariant cohomology is the book [07| . The relation 
with the topological field theory was studied in [3£][39|[40|. Recently, an extensive and consis- 



tent review on the cohomological field theory based on the equivariant de Rham cohomology 



appeared [41]. The paper [23] contains a self-contained introduction on the subject as well as a 



generalization. 
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^2,0 


A' - 


-> U 2 >° 


by 


A' 




A — 


-> V 1 ' 1 


by 


A - 


F 0,2 


A" - 


-> V ' 2 


by 


A 



where F + (A) denotes the self-dual part of the curvature two form F(A) and defines a 
section s of Eg. Now, the moduli space of ASD connections is the zero set of the section 
s. In the Kahler geometry, we can decompose the vector space V into the vector spaces 
V = V 2,0 © Uj' 1 © V ' 2 of (2,0)-forms, (1, l)-forms proportional to the Kahler form and 
(0, 2)-forms. Using the natural complex structure on A induced from X, we can also 
decompose the section s (the equivariant map) into 

-> F 2 '°(A'), 

f(A',A")u, (2.21) 

_>iT°.2(A"), 

where f(A) = \AF 1 ' 1 (A). 

To write the Mathai-Quillen representative of the Universal Thorn class, we should 
introduce the set of anti-ghost multiplets for each components of the above map. Geomet- 
rically, the anti-ghost multiplets are various equivariant differential forms living in the dual 
vector space of V and their spectrum and algebra can be uniquely determined in terms 
of the Dolbeault model of the equivariant cohomology [|2l]](see also jl8|]|]2~0[l ). This leads 
to a commuting anti-ghost <p G Q°(g E ) living in the dual vector space V* 1,1 with degree 
(—1,-1). Then we have multiplet ((p, zx°, — H°) with transformation laws 

s<f = -ix°, sx° = 0, 

a<p = ix°, sx° = 0, 

(2 22) 

sx° = H° - sH° = -i[<p,x°], 

We also have an anti-commuting anti-ghost x 2 ' i n the dual vector space V 2 ' with degree 
(—1,0) and an anti-commuting anti-ghost x°' 2 living in the dual vector space U* ' 2 with 
degree (0, —1) with transformation laws 



sx 2 '° 


= o, 


stf 2 <° 


= -*[v?,x 2 ' 


sx 2 '° 


= H 2 >° : 


sH 2 >° 


= o, 


BX ' 2 


= H°> 2 , 


sH°> 2 


= 0, 


sx ' 2 


= 0, 


sH°> 2 


= ^[^,x ' 2 
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(2.23) 



The action functional (the universal Thorn class) is given by 



< s5 - 5s >(1/t^/ + xV)4 



2 

A small calculation gives 



(2.24) 



S =4 / Tr -If 2 ' A *F ' 2 + i X 2 ' A + *X°' 2 A *d A tjj - 2i[(p, X 2 ' ] A 

"> Jx L 2 

- (V 2 - 2ifc>, - + x°0j$ - \ [<p, <ff + \<p (dXd A <p - 2iAty 



! r 1 _ , ,. -n\^ 

2! 

(2.25) 

where we have integrated out auxiliary fields H 2 ' , H°, H ' 2 and used the Kahler identities, 



dX = i[d A ,A], dX = -i[d A ,A], (2.26) 

The bosonic kinetic terms of the action is 

S = ~ |TrQ|F+| 2 + i|^| 2 ^)^ + .... (2.27) 

The first term is the norm square of the equivariant section of Eg. In the h 2 — > 0, the 
dominant contribution of the path integral comes from the instantons F + (A) = and the 
configuration satisfying 

d A <p = 0. (2.28) 

If there is a non-zero solution tp of the equation (|2.28| ) , it means the instanton A is 
reducible (abelian). Then the SU{2) group reduces to the U(l) subgroup, 

•> = ^ = -5(o -°J esu<2) ' (2 ' 29) 

Note also that, for reducible connection, the superpotential term 

+ h I ^Qfovf)**. (2-30) 

vanishes, which corresponds to the flat direction in the physical terms. If the reducible 
instantons appear, the path integral has additional contribution from the vector space 
of the <£>-zero-modes. Of course the moduli space of ASD connections becomes singular. 
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Then, the semi-classical description breaks down due to the singularity and the topological 
interpretation of the theory can be invalidated due to the non-compactness of the vector 
space of the (p-zero- modes fl24fl . One can also view the localization of the path integral by 
the fixed point locus; 



sx°' 2 



sx^ 



2,0 



= —iOa^p = 
sip = —iBa^P = 
■- 2 F^{A) = 

■ l -F°> 2 (A) = 



~f(A)-^[ip,0i=O 



cIap = 



F+ = 



[<P,0\* = O 



(2.31) 



Picking a two-dimensional class E G H2(X; Z), one can define a topological observable 
//(£) = J Tr (itpF + ijj AtP) = J Tr (iipF + ^AtP) A a s , (2.32) 

where G i7 2 (X;Z) is Poincare dual to E. This observable is the field theoretic repre- 
sentation of the Donaldson's /U-map ( |2.6| ). One also defines the observable O corresponding 
to the four-dimensional class, n(pt), 







8tt 2 J x 2! 



Tr, 



(2.33) 



Assuming that there is no reducible instanton, the correlation function 

1 



0*(Si).../*(fl f .)e p > 



VOl(Cf) 



VX e~ b //(E 1 )---^(E s )e r , 



(2.34) 



is the path integral representation of the Donaldson invariant q k x (Ei, . . . , E s , (pt) r ). 
Due to the ghost number anomaly, the correlation function (|2.34j) always vanish unless 
dimcA-^fc = s + 2r. 



It is not entirely clear how the path integral ( |2.34 ) takes care of the non-compactness 
of the instanton moduli space. However, at least for manifolds with > 3, Witten's 
explicit results show that the path integral correctly leads to the Donaldson invariants. 
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Clearly the path integral localizes to the moduli space of ASD connections rather than the 
compactified one. We do not know any clear reasoning why the path integral correctly 
reproduce the Donaldson invariant. One may argue that the additional space added for the 
compactification does not contribute to the Donaldson invariants. In fact more elaborated 
definitions of the invariants, compared to that of ( |2.8| ), clearly indicate such a property 
under certain conditions For a manifold with b£ = 1, on the other hand, the path 

integral does not exactly represent the Donaldson invariants. This can be easily seen if 
one considers the reducible connections. Clearly the path integral localizes to the moduli 
space of ASD connections rather than the compactified one. In the path integral approach, 
then, we only need to worry about the reducible connections corresponding to the bundle 
reduction ( [2.9| ). In any case, one can insist that the path integral approach is well-defined 
whatever properties the instanton moduli space has. We believe that Witten's explicit 
results on the b^ > 3 cases and our partial result in this paper for b% = 1 support such a 
viewpoint. 

We would like to add the following remarks. 

i) The form ( p.24j) of the action functional has been uniquely determined. We could 
correctly recover every term in the action functional of the N = 2 super- Yang-Mills theory. 
The global supersymmetry transformation laws and the action functional are rigorously 
identical to those of the twisted theory [p2| . On the other hand, The usual approach based 
on the de Rham model of the equi variant cohomology or the N = 1 global supersymmetry 
does not leads to the complete determination of the anti-ghost multiplets and the correct 
action functional. One should add, so called, projection term and non-minimal term pT| . 

ii) The usual approach to TYM theory on Kahler surface based on the N = 1 global 
supersymmetry can not explain the perturbation of Witten, breaking the N = 2 symmetry 
down to N = 1 symmetry |22| [ 2(| . Unfortunately, the perturbation is not applicable for 
manifolds with p g = 0. 



2.4- The holomorphic Yang-Mills theory 

An obvious way out of the difficulty of the TYM theory with the reducible connections 
is to eliminate the zero-mode of ip from the theory as originally suggested by Witten in the 
two-dimensional model of the TYM theory ||26|| . The remarkable fact is that his method 
eventually leads to a non-abelian localization theorem of the theory of the equivariant (de 
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Rham) cohomologyll!. The HYM theory is an analogous prescription for the Donaldson 
theory and it is related to a Dolbeault equivariant cohomological version of the non-Abelian 
localization theorem [I8|[21I|. Consequently the HYM theory is a suitable model for the 
Donaldson invariants on Kahler surface with = 1. 

The basic observation is that the reduction of the path integral of the TYM theory to 
the instanton moduli space is achieved by the following two steps; i) restriction of A to 
A 1,1 , ii) restriction of A ' to the solution space of ASD connections and reduction to the 
instanton moduli space by dividing by the gauge group Q. Then the second step can be 
replaced with the symplectic reduction. Now we we can deform the (1,1) part of the action 
by the one-parameter family of the action, 



s(t ) =s+t ( Sg - 5S )(-j J y M ^Tv^), 



(2.35) 



where t is a real positive deformation parameter. After some Gaussian integrals we are 
left withlH 



S(t) = " |Trx ' 2 A*F 2 ^ - isQj |Tr X 2 ' A*F ' 2 ) 



+ 



ss — ss 



(. 



\2h 2 t 



M 



— Tr f 2 
2! 



(2.36) 



The action functional of the HYM theory is defined by 



S(t) H 



h 2 



Tr 

x 

1 



-iff 2 ' A *F ' 2 - iH°> 2 A *F 2 >° + i X 2 ' A *d A ip + ix ' 2 A *d A ip 



4tt 2 



Tr (i<pF + tp A ip) A 



8tt 2 J x 2! 

+ -}— [ Tr (F 2, ° A F ' 2 + -F 1,1 A F 1,1 ) 
4iv 2 eJ x 2 

1 



Tr^ 2 



(2.37) 



+ 



ss — ss 



2h 2 t 



M 



-Trf 
2! 



where e is positive number. 
Several remarks are in order. 
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The equivariant localization was studied in the mathematical literatures [42] [43] [44] [45 1 [46] for 
the abelian version and [47| [48] p9[ for the non-abelian version. The physics oriented reader may 



find the review [41] the most readable. See also [p0| 

13 Here, we choose the delta-function gauge for simplicity. 
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i) The first line of the action is identical to the part of the TYM action (Thorn class) 
which leads to a clear cut reduction of T*A to T*A 1)X without any quantum correction. 
Thus we can regard the theory as the one defined on T*A ' . Similar hybrid model of the 
de Rahm model was suggested in [J5I] independently to [B5 . 



ii) The term 

u = ^ J ( i( P F + ^A^)Aw (2.38) 

is the equivariant extension of the Kahler form J x Tr (%p Aifj) Auj on A 1,1 . It also define 
a two dimensional class n(H) of the Donaldson invariants associated to the ample class H. 



iii) The term 



is the four dimensional class of the Donaldson invariant. 

iv) The term Im iff ^ f 2 IS P ro P or tional to the norm squared < ,> of the moment 
map m : A 1 ' 1 -> ft°(fl E )*, 

m(A) = -^- 2 F^Au = -^- 2 fu^ (2.40) 

where 0°(g s )* = n 4 (g E ) denotes dual of 0°(fl E ) = Lie(G). Since the path integral is 
independent of t, we can set t — > 0, and hence the path integral gets contributions only 
from the critical set of the function < m, m >, i.e., < /, d/\_f >= 0. 

We set t — > oo so that we can omit the equivariantly exact form. The resulting action, 

8h = ~I Ti^+^AflAw-p/ ^^^ + 7 + -"> ( 2 - 41 ) 

after the Gaussian integral over ip, is identical to the physical Yang-Mills theory restricted 
to the space A 1,1 of holomorphic connection. It is proportional to the normed-square of 
moment map up to topological terms. The real number e corresponds to the coupling 
constant. The classical equation of motion is given by 

F 2,0 (A) = F°> 2 (A) = 0, d A f(A) = 0, (2.42) 
17 



which is the Yang-Mills equation of motion on A ' . The partition function of the HYM 
theory exactly reduces to an infinite dimensional non-abelian equivariant integration for- 
mula, 

Z(e,k) = e~« x — — - / VA' VA" VibVibVtp 
vo\{Q) J T * A i,i 

(2.43) 

In the limit e — > 0, the partition function is related to certain expectation value of the 
original TYM theory, up to the exponentially small terms, 

Z(e, k) = e~~ / exp(cD + eO)^ + exponentially small terms 

[(4fc-3)/2] _ , , (2-44) 



= <: '* — — - — rr-r(w d 2r O r \ +exponentially small terms, 
^—J (a — 2r)!r! \ / 

We assumed that the path integrals are defined with respect to the metric whose Kahler 
form lies in one of the chambers. Otherwise, as we will show in Sect. 4, the partition 
function contains a non-analytic term proportional to £ 2fc_3 / 2 ? which is the contribution 
due to the reducible instantons. 

There is another way of justifying that the path integral can be expressed as the sum 
of contributions of the critical points. The action functional has the global N = 2 super- 
symmetry, thus, we can use the fixed point theorem of Witten. The important fixed point 
equation is 

stp = —idA^p = 0, sip = —i&Atp = 0. (2-45) 

This equation shows that non-zero solutions for (p (the zero-modes of tp) appear for re- 
ducible connections. By eliminating ip using Gaussian integral gives 

2if + etp = 0. (2.46) 

Combining the above two equations we are led to the fixed point equation (1a f = 0. Thus, 
the zero-modes of tp are no longer associated with the reducible instanton, rather they are 
mapped into higher critical points. 

We can further apply the fixed point theorem to calculate the partition function. The 
path integral can be done by evaluating exactly at the fixed point locus and by evaluat- 
ing one-loop contribution of the normal modes to the fixed point locusET]. This is the 
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basic method of our calculation. The partition function of the two-dimensional physical 
Yang-Mills theory, which is the similar low dimensional cousin of HYM theory, has been 



calculated also by adopting the fixed point theorem |53] |53 



Before moving to the next section, we should add a cautionary remark on the dual roles 
of Co (eq.( |2.38| )). We are interested in the variation of < n(Yi) d ~ 2r {pt) r > where E is an 
arbitrary fixed element of H2(X; Z) according to the changes of metric. On the other hand, 
the Kahler form uj and its Poincare dual H in the action and in £j vary as we change the 
metric. This amounts to using the different two dimensional classes rather than fixed one. 
Thus, we should read the relation ( |2.44| ) very carefully. We will return this in Sect. 5. 



3. The Path Integral 

We use the action functional of the HYM theory in the delta function gauge 

-iH 2 >° A *F°< 2 - iH ' 2 A *F 2 >° + i X 2 ' A *8 A $ + ix°' 2 A *d A ip 

2 ( 3 - 1 ) 

The partition function of the HYM theory has contributions from the two branches. 

A. The non-abelian branch : <pf = where the full SU(2) symmetry is restored, i.e., 
the irreducible ASD connections. 

B. The abelian branch : (ff ^ where the non-abelian symmetry breaks down to 
abelian one, i.e., reducible holomorphic connections including reducible ASD connections, 
if any. 

Then, we can divide the partition function Z(e, k) of N = 2 HYM theory as the sum of 
contributions of the two branches, 

Z(e,k) = Z A (e,k) +Z B (e,k). (3.2) 

The zero coupling limit of Z(e, k) can be identified with the symplectic volume of the 
instanton moduli space M. k [g) with respect to a Kahler metric g||25||. Of course A4k(g) is 
rarely compact. We always assume there are no x 2 ' and x ' 2 zero-modes. 



SH= h? 



Tr 



x 
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We calculate the partition function Z-q(e, k) contributed from the branch B as a simple 
application of Witten's fixed point theorem |27] .0 



3.1. The fixed points locus 

The HYM theory has the same global supersymmetry transformation laws as the N = 2 
TYM theory. We only deal with the branch B, iff ^ 0. In this branch the BRST fixed 
point idlH 

<ff = <f c T3 = constant. (3-5) 

Now we determine the fixed point solution for the gauge connections. They are given 
by the reducible (holomorphic) connections which, sometimes, will be called the abelian 
critical points. Consider the space Ak of all connections of a SU (2)- vector-bundle E over 
X with a given instanton number k. We denote A]j 1 be the subspace which consists 
of holomorphic connections of Ak and A* k be the space of irreducible connections. The 
space of reducible connections is then A k ' \A k ' = Ak\A* k ' . A holomorphic connection 
A G A].' 1 endows E with a holomorphic structure £ A ■ The connection A is reducible if and 
only if £a splits into the sum of holomorphic line bundles 

£ A = L A ® L~ A X (3.6) 

satisfying 

Cl (L A ) ■ Ci (La) = -k, (3.7) 
H X ' X {X\ Z) x jf 1 ' 1 ^; Z) -> Z : 



14 On the manifold > 1 the branch B is absent generically. This means that the deformation to 
HYM theory is not particulary useful. We do not how to evaluate the crucial branch A. A careful 
application of the abelianization techniques [ 47 1 1 53fl 1 54 may be used to deal with the non-Abelian 



branch. 

15 According to our convention of the Tr , the Lie algebra generators are anti-hermitian given by 

T a = ^r, T± = T x ±iT 2 , (3.3) 

with Pauli matrices a a and 

TrT a T b = ~6 ab . (3.4) 
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Since we consider the case p g = 0, the above parings become the intersection parings 
qx : H 2 {X; Z) x H 2 {X; Z) -> Z: 

C'C = -fc, (3.8) 

where Q G if 2 (X;Z). Obviously, the solutions of the above equation are independent of 
the metrics on X. Furthermore we always obtain in pairs ±£. For the simply connected 
case, that we are considering, it is known that the reducible connection corresponding to 
the pairs ±C is unique up to gauge equivalence class 0. Thus, it is sufficient to solve 
the above intersection pairings to determine the gauge equivalence class of the abelian 
critical points of HYM theory. It also follows that the abelian fixed point locus is non- 
degenerate and isolated set of points. Then, the path integral calculation based on the fixed 
point theorem gives an exact answer. We will confuse the abelian critical point with its 
associated line bundle as well as its first Chern class. The value of the curvature two-form 
Ff G n 1 ' 1 (Endo(^ J 4 / ) at the fixed point locus 

F f = -2ni( £ °Y (3.9) 



-c, 

is determined by the first Chern class of the line bundles £ satisfying ( |3.8| ). 

The values of the other fields in the fixed point locus can be read from (|2.17| ) and ( |2.23| ) 

1>f=$f = Hf° = H° f > 2 = x 2 / = X°f 2 = 0. (3.10) 

Of course, the values of x 2 ' and x ' 2 in the fixed point locus need not to be zero. It is 
sufficient to take values in the Cartan (abelian) sub-algebra to satisfy sH 2,0 = —i[ip, X 2,0 ] = 
or sH 2,0 = —i[(p, X°' 2 ] = 0. Since we are dealing with the manifold satisfying H 2,0 (X) = 
H 0,2 (X) = 0, we can set the values zero without loss of generality. 

We expand the action functional about the fixed point locus up to the quadratic terms 
in the action 

Sh~S/ + S (2) , (3.11) 
where the action Sf in the fixed points is given by the intersection number 



Sf = 2^ c(C ' H) + 3^ {H ' (:U2) 



for every integral cohomology classes £ G H 2 (X; Z) satisfying C ' C = ~k- 
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3.2. The gauge fixing 



We choose unitary gauge in which 



ip± = 0, 



(3.13) 



where 



ip = (ip c + v? 3 )T 3 + f+T + + (p_T-. 



(3.14) 



In this gauge ip has values on the maximal torus(Cartan sub-algebra). 



By following the standard Faddev-Povov gauge fixing, we introduce a new nilpotent 
BRST operator 5 with the algebra 



S(p± = ±c±((p c + ip s ), 5c± = 
5</?3 = b~tp c = 0, Sc± = b±, 5b± = 0, 



(3.15) 



where c± and c± are anti-commuting ghosts and anti-ghosts respectively, and b± are com- 
muting auxiliary fields. The action for gauge fixing terms reads 



Sgauge & 



1 



4tt 2 



4^ ] x ^ + +c^-) 

-(b-(p+ + b + ip-) +c-(ip c + ip 3 )c + - c + {(p c + ip 3 )c- 



X 



~2\ 



(3.16) 



The resultant action has the 5-BRST symmetry and, hence we can use the fixed point 
theorem. The fixed point locus for 5-BRST is c± = b± = 0. The Gaussian integrations 
over c and c give 



det±(ip c ) 



(3.17) 



no 



3.3. The transverse part (I) 

The transverse part corresponding the ± part of the Lie algebra can be easily calculated 
by simple Gaussian integrals. 

Bosonic Sector (doublet i. e. ± part) 
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The quadratic action relevant to this sector is given by 

(2) 



S± J (bose) =-tt 

h 2 .i x 



Hi A *B a A'L + H 2 j° A *B a Al + H / A *d a A'_ + H°j 2 A *d a A' + 
+ T2 f i¥>c{ A '+ AA -+ A + AA '-) AuJ 



where 

d a a± = da± ± iAfa± 

for any doublet a±. 

This is a Gaussian integral which can be evaluated by shifting the variables 

zUr 2 

A' _> A' + d*H 2 >° 
4- 2 B:h o,2 



A" _> A" m , , ,, 



h 2 ip c 



In terms of new variables, we have 

4n 2 i f 1 



S ( ±\bose) =- 



i 



d*Hl° A *d*i^' z + d*H^ z A *<9*# 



r 0,2 



°> 2 A ^^)* W 2 >° 



^ J <p c (a> + a a *a'_), 



where we have used the Kahler identities (|2.26| ) as well as the relation c3 

a 1 >°Aa°> 1 Au = i / a^Ata ' 1 , 
'x J x 

and self-duality of H. By the Gaussian integrals over A and if' s, we have 





-1/2 


det ± (° a a ) 


-1/2 


9 9* 
det±( a a ) 


-1/2 


det±((p c ) 














n 2 >° 




Q0,2 



(3.18) 
(3.19) 



(3.20) 



(3.21) 



(3.22) 



(3.23) 



The fermionic sector (doublet i. e. ± part) 

16 This is also known as the Kahler identity. In fact we heavily rely on many special properties 
of the Kahler manifold in the calculations, which are not valid for non-Kahler case. 
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We can compute, in a similar fashion, the contribution from the transverse fermion 
doublets 



S±\fermi) = — — 



X 2 +° A *d a V>_ + X_' U A *d a V>+ + XT A * + X- Z A *d a i;+ 



2,0 



,-0,2 



,-0,2 



+ 



4tt 2 



where we have used Q3.22] ) . After changing variables by 



4n 2 i 



2,0 



47T 2 Z 



2,0 



we have 



S± (fermi) = — 
+ 



An 2 i 
i 



x 



4tt 2 

The Gaussian integrals over and x's give 

.1/2 



d* 2,0 a o* —0,2 , o* 2,0 a o* —0,2 
a X+ A*d a x_' + d a X- A*a a x+ 



det±(d a d* a ) 



det ± (8 a d* a ) 



1/2 



no, 2 



3.^. The transverse part (II) : C/(l) singlets 



The remaining quadratic action is given by 



At) 

>3 



i 






L 




i 


+ 




47T 2 



1 



^-H 2 / A *M« + ^ 2 a - ^xT a *<9V 3 - ^xs' 2 a *dVs 



1 



r0,2 



2,0 



-0,2 



X 



- t ips(dA^ + dA' 3 )+^ 3 



8tt 2 



x 



2! 2 



¥>3- 



(3.24) 



(3.25) 



(3.26) 



(3.27) 



(3.28) 



We will show that the bosonic and fermionic contributions in this part cancel exactly each 
other and so give trivial result. Note that every field in here doesn't contain any zero 
mode for d and d operator. We explicitly decomposed T3 component of <p as zero mode 
(p c and non-zero mode ifs from the beginning and similarly for the U(l) connections as 
the topologically non-trivial part, which is contained in the action Sf, and trivial one. 
Furthermore as h 1,0 = h 0,1 = h 2,0 = h 0,2 = 0, where h p,q denotes the Hodge number, in 
our considerations all other fields do not have any zero-mo de0. 



17 Actually we can remove the condition ft, 1 ' = h 0,1 = 0. We leave this as an exercise. 
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2 2 

From H 3 and H 3 integrations, we get the delta function constraints 



dA'i 



dA' 3 = 0. 



Similarly the X3' and x£ z integrations give the constraints 



,"0,2 : 



dips 



0, 



0. 



(3.29) 



(3.30) 



From the Kahler identities (|2.26| ), we have 



8A' 3 = d*A' 3 = 0, 



8A' 3 ' = d*A' 3 ' 



0, 



dips = 0> 3 = 0, 

= a> 3 = 0. 



(3.31) 



This shows that all of them are harmonic one-forms which implies they actually vanishes. 
Thus the delta function constraints (|3.31| ) and (|3.30| ) are equivalent to the delta function 
constraint, 

n5(A / 3(x))5(A / 3 '(x))5(^ 3 (x))5(^ 3 (x)). 

xEX 

Thus the integrations over A' 3 , A 3 , 1JJ3, ^3 just lead to an unity. Finally, the integration of 
non-constant mode </? 3 is trivial as only the quadratic term left in the action. 

By combining ( |3.17|) , (|3.23|) and (|3.27|) , we have the contributions of the transverse 
degrees of freedom as follows: 



det±(<p c ) 
det±(<p c ) 
det(ip c ) 



1/2 



det±(ip c 



1-1/2 



det±(if c 



-1/2 

f22,O0QO,2 



(3.32) 



(n° e ni,o e f22,o) ffi (no e no,i©no,2) 

indexd(j r < j -\-indexd(_< ) 



2(l-h°^+h°^)-4k 
r c 



,„2-4fc 
<Pc > 



where we used the index theorem of the twisted Dolbeault operators. 



4. The Partition Function 



The path integral of the previous section shows that partition function essentially re- 
duces to the following expression 



Z B {e,k)= Yl 



Ci'Ci — ^ 



dip- 



1 

4fc-2 



exp 



2tt 



<p(& ■ H) 



32tt 



;<f 2 (H-H) 



(4.1) 
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where we omitted the superscript c from p. In this section we examine the small coupling 
behavior of the above partition function El and its variations according to the metric. 



4-1. The Small Coupling Behavior 

The above equation has pole at p = 0, which can be removed by deforming the contour 
from R to P± = {Im (p = ±k} and taking the limit k —>■ 0. Of course the integral should 
be independent to the contours. For (p G P±, we can write 



1 



Ci'Ci — ^ 



(4fc-3)iy 



dss^ 3 / dipexp 



p± 



± ilfS _ ^( Cz . H ) _ —<p 2 (H ■ H) 



2tt 



32t^ 



1 



327T 3 



Ci'Ci — & 



(4fc-3)! V e(H-H) J Q 



dss 4h 3 exp 



8tt 2 / ,0-H 
s ± 



e(H-H) \ 2tt 



2 n 



(4.2) 



We choose the + sign and decompose the above equation as 



Z B (e,k) 



Ci-H<0 



Ci-H=0 



0-h>o 



{4k- 


3)! 


1 




(4/c- 


3)! 


1 




(4fc- 


3)! 




dss 4k - 3 e-^ s2 





dss w ~ A e 



(4.3) 



where we set e' = e{H ■ H)/16n 2 . One can easily see the last term vanishes in the limit 



18 The similar asymtotic estimation of the finite dimensional integral ( |4.1| ) was discussed by Wu 
[46] in his study of the abelian localization as a special case of the non-abelian localization. Note 
that the branch B is governed by abelian localization rather than the sophiscated non-abelian 
localization. 
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e' — > up to exponentially small term as follows; 



' - - r . ,«_3„-*e* + (^) 2 ) 



-|>,M^I (4.4, 



^ 1 /2tt 



=0 e 



ciss e 2 E ' S . e 



where 5 2 = Mm 3 -( 2 ^'^ ). Similarly we can extract the polynomial dependency on e, 
apart from the exponentially small terms, from the first term; 



4^ (4fe-3)!V e' i-oo V J 



Cj-H<0 



Ci-H<0 r=0 

[d/2 



(27r)d-i ^ ^ (d-2r)!r!2 3 

where d = Ak — 3. Assume that there are no reducible ASD connections, i.e., no line bundle 
Q with £j • H = 0, such that the second term absent. Then, our result for Z'(e, k) is 

1 W2] ?r , 2N 

^B(e,*) = ^ E E ( ,_ 2)!r!2 3, (C,^)"(^-W(^),(4.6) 

where the summation runs over every divisor satisfying Q ■ Q = —k and Q ■ H < 0. If we 
choose the — sign in the beginning we have the same pattern of the asymptotic behaviors 
and the divisors satisfying Q ■ H > only contributes. Since the solutions of d ■ Ci = ~k 
always arise in pairs ±Q, we have the same result. 
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4-2. The Variation of the Partition Function 

We have seen that the Abelian critical points of HYM theory are the reducible con- 
nections which can be uniquely determined by the 2-dimensional integral classes (or line 
bundles) Q satisfying Ci'Ci = ~k- Clearly, the notion of the reducible connections is metric 
independent. On the other hand, the notion of the reducible ASD connections is evidently 
metric dependent. An Abelian critical point ( is ASD if and only if £ • H = where 
H is Poincare dual to the Kahler form associated with the given metric. Equivalently, a 
reducible connection A is ASD if and only if the degree of the associated holomorphic line 
bundle ( is zero, 

deg(C)=/ c 1 (C)Au = C-H=^- [ F c Au= 1 -^ [ u> A u>. (4.7) 
Jx ^ Jx ^ Jx 

The degree depends only on the cohomology classes of the first Chern class and of the 
Kahler form. The value f c (Af) of the critical points cU/ c (A) = is also determined by the 
degree and the self-intersection number of the Kahler form. Note that the critical points 
of the moment map vn(A) are also determined by the same data. We call a reducible 
connection as a higher critical point if its degree is non-zero. 

Before going on, we should remark that the structure of the abelian critical points is 
isomorphic to the chamber structure determined by the system Wfc C Wk of walls in the 
positive cone. In particular, for each line bundle associated with an abelian critical point 
C, there is an associated wall in the positive cone. Let H + and H_ be ample divisor 
lying in the two chambers C+ and C_ separated by the single wall W^. We assume that 
£ has negative degree with respect to ample divisor H+ lying in the chamber C+, i.e., 
£ • H + < 0. Let Hq denote ample divisor lying on the wall. If we change the metric, such 
that the ample divisor H starts from C+, crosses the wall and goes to the chamber C_, 
we havell! 

C •#+<(), C"#o = 0, (-H_>0. (4.8) 

Now it is clear what we have actually done by deforming TYM theory to HYM theory. We 
mapped all the possible reducible instantons, which appear as we vary the Kahler metric 
in every possible way, to the abelian critical points of the HYM theory. 

19 The walls can intersect with each other, we assume that our path of metric does not cross the 
intersection region. 
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In the limit e — > 0, the partition function of HYM theory is such that we sum up only 
critical points with negative degree. As one can easily see, we lost a critical point £ with 
negative degree by passing through the wall Wq. On the other hand, there is also another 
abelian critical point — £ which defines the same wall with Q. Thus, we get a new 
critical point — C, of negative degree instead. We will collectively denote the ample classes 
lying in a C± by H±. We change the metric such that our ample class H crosses just one 
wall W{, defined by a certain divisor ( satisfying C • H + < and C " C = — k, and moves to 
another chamber C_. Then we have ( ■ H_ > by definition. This also amounts that no 
other line bundles change the sign of their degrees. The contribution of ( to the partition 
function Z^{e, k)(C+) is given by 

[d/2] 

, * . Y \, , = (C • H+) 4k - s - 2r (H+ ■ H+Y + O ( e~£) , (4.9) 

( 27r ) = ( d ~ 2r)!r!2 3 ^ s +; v + +; V /' v ; 

while Z-b(e, k)(C~) no longer receives contributions from £. On the other hand, 
Zb(e, k)(C-) receives contributions from — £, since — ( ■ H_ < 0, given by 

1 W2] rr , n 

—4— Y ti „ , 5 (-C • i^-) 4,£ " 3 " 2r (if- • tf_) r + O ( e~~ ) , (4.10) 

(2?r) 4fc - 4 ^ (d- 2r)!r!2 3r v s ; v ; \ /' v ! 

Without loss of generality, we will use a normalization H H = 1, i.e., H+-H+ = H- H_ = 
1. 



4-3. The non-analytic part 

Up to now, we have considered the case that the metric does not admit reducible ASD 
connections. Now we allow the Kahler metric to lie on one of the walls W4 such that there 
is a reducible ASD connection. We define the multiplicity m of the reducible instanton by 
the number of the walls intersect at the point where the Kahler metric lies on. Then the 
partition function ( |3.2| ) contains a non-analytic term which is not a polynomial of e. Now 
the partition function ( |4.6| ) has additional contribution given by 



m 2tt 




(4fc-3)! V e' 
(2nY /2 m 2k _ 3/2 
(4k-3)\\ { ' 



dss 4k - 3 e-^ s2 ( 411 ) 
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leading to the modified partition function 

[d/2 



Z,{ - £ ' k) "(2vr) 4fc - 4 E (d-2r)\r\2^^ l ' H)Ak 

K ' Ci-H<0 r=0 K ' 

' m (e/2) 2k - 3 / 2 ^ 4 ' 12 ^ 



(27r) 4fc - 4 (27T) 1 /2(4A;_3)!! 

+ 0(e- i 



Our calculation precisely shows that the non-analytic term is the contribution of the re- 
ducible instanton. The similar phenomenon has been observed in the two-dimensional 
version of the TYM theory by Witten.il 



5. The Relations with the TYM Theory 

Now we are going to extract the expectation values of topological observables in the 
TYM theory. To obtain the precise relations with the TYM theory when we vary the 
metric, it is conceptually more clear and convenient to use the expectation values of the 
topological observables rather than the partition function itself. The HYM theory has the 
same set of topological observables ( |2.32| ) ( |2.33|) with the TYM theory. The relation ( |2.44| ) 



between certain correlation function of TYM and the partition of HYM theory can be 
generalized [ P6||25 ]. Picking two-dimensional classes e H2(X; Z), the expectation value 



d \ 

rii=i M^j) ) evaluated in the HYM in the limit e — * is related to that of TYM theory 
by the formula 

flK^i)) =(nM(Ei))+0(e^)- (5-1) 

\i=l I \i=l / 

This can be further generalized to include the four-dimensional class © 

n^))= E ^rff^)^e-\ + 0(e-^). (5.2) 

i=l / 2m+n=2r ' ' \ i=l / 

Thus it is sufficient to calculate (|5.2|) to determine the general expectation values of TYM 
theory for a simply connected manifold. 



20 We refer the readers to the remarks in Sect. 4.4 of ref. [26]. 

21 Actually, it is sufficient to determine the term of power e r in the RHS of (5.2). 
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The expectation value of the observables in HYM theory can be also written as the sum 
of the contributions of the two branches A and B; 



>d-2r \ /d-2r \ / d-2r 



i=l / \ i=l /a \ i=l 



n m(s 4 ) = n + n meo ■ ( 5 - 3 ) 




We should emphasize here that, in the HYM theory, all the terms that do not vanish 
exponentially must be interpreted as the contributions of the ASD connections.il That 
is, < • • • >g for the branch B is also the contributions of ASD connections up to the 
exponentially small terms for e — > 0. Clearly, < ■ • • >' A for the branch A does not contain 
any exponentially small term. Consequently, we can divided any expectation value of TYM 
theory as 

d-2r d-2r d-2r 

( n © r > = < n ® r ) A + ( n ^ © r > B ^ 



where 



i=i i=i i=i 

d-2r d-2r 

<n MEi)© r >i=<n Msoe r > A , 

i=l i=l 
d-2r d-2r 

< n meo er > B = < n ^) er >B + ° ( e_ 



(5.5) 



i=i i=i 

If we consider manifold with b£ > 3, the contribution of the branch B is generically absent 
for both HYM and TYM theories. 

In Sect. 5.1, the contribution of the branch B to the expectation values is evaluated 
using the similar method as for the partition function Z-q{e, k). However, we do not know 
how to calculate the contribution of the branch A. It is quite natural to believe that the 
Seiberg-Witten monopole invariants correspond to the branch A. In Sect. 5.2, we briefly 
review some known properties of the Seiberg-Witten invariants for manifolds with b£ = 1. 
Then, we study the variation of the expectation values of TYM theory in Sect. 5.3. 



5.1. The branch B 

As usual, we choose a generic metric g which does not admit the zero- modes of x ' 2 . 
That is, the second instanton cohomology group is trivial. Then the only source of the 
singularities in the moduli space of ASD connection M. k [g) is the reducible instantons 



22 



This statement is originated from [26]. 
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The value (jlt~? r M s z)) B for r = 0, 1, ■ ■ • , [d/2] can be evaluated using the fixed point 
theorem as the partition function Z&(£, k) is. The result can be readily obtained by the 
effective partition function ( |4.1| ) as 

ld-2r \ ' d-2r 



n^>> = e n(-^)/_>^n-p 



1=1 I B <i<i=~k 1=1 



2?r rv * ' 32tt 

(5.6) 

We can study the e — > limit using the methods in Sect. 4.1., 

Ci • \ 1 /27T / 2r 12 



Ci-H=0 2=1 
d-2r 



Cj-H>0 1=1 

The third term above vanishes exponentially fast for e — > 0. 



It is amusing to note that the second term in ( |5.7|) , corresponding to the contributions 
of the reducible ASD connections, always vanish. If we have a solution £ for C ' C = ~~ k an d 
C • H = 0, we always have another solution — £. Since <i — 2r = 4A; — 3 — 2r is always an odd 
integer, their contributions cancel with each other. Thus, (^Y[f = i r /i(Ej)^ is well-defined 
even in the presence of the reducible ASD connections. 

The first term can be calculated in the same way as Q4.5| ), which gives 

/ d—2r \ ' d—2r 

IIMSO) = 7^1=1 E W? n^-^)+ 1 ^^ersin £ + 0(e-^). (5.8) 

1=1 I B Ci-#<0 ' Z = l 

From the relation (|5T2"|), (|5.4| ) and (|5.5| ), we have 

/ d—2r \ d—2r 

/b C4 .h<o, 

Ci ' Ci — — ™ 

Then, the general form of the expectation values of the topological observables of TYM 
theory is given by 

l d—2r \ 1 d—2r \ d—2r 

i=i I \i=i / A 1 } Ci . H<0) 1=1 

Ci 'Ci = ~ & 
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5.2. The Seiberg-Witten invariants 



One of the open problem in our approach is to uncover the genuine diffeomorphism 
invariants. This is because we computed the path integral only for one of the two branches 
of the fixed points. Clearly, the branch B, which we have calculated, is generically absent 
for manifold with p g > 1. For the fixed point (p = (the branch A), we have the full 
SU{2) symmetry and the path integral has contribution from the irreducible instantons. 
There is no reason that the contribution would vanish. Unfortunately, the path integral 
for this branch reduces to a formal expression such as one integral over the moduli space 
of irreducible instantons. Thus, we need an alternative approach to deal with this branch. 

Note that the limit t — > in eq.(2.29) can also be viewed as the limit h 2 — > oo with t 
fixed. In this limit, the semi-classical analysis is invalidated. At this point we can utilize the 
fundamental results of Seiberg-Witten on the strong coupling behaviour of the untwisted 
N = 2 super- Yang-Mills theory |[28||||29[p0[] . Their result can be essentially summarized 
by the quantum moduli space parametrized by a complex variable it, which corresponds 
to the observable O in the twisted theory. Classically, there is a singularity at the origin 
u = where the full SU{2) symmetry is restored. Quantum mechanically, the complex 
it-plane has two singularities at u = ±1. The singularities in that plane represent the 
appearance of new massless particles. For manifolds with p g > 1 one can introduce a 
perturbation utilizing holomorphic two-forms such that the only contribution comes from 
the two singular points. Such an effective low energy theory turns out to be an N = 2 
super-Maxwell theory coupled with hyper-multiplet. One can twist this theory and the 
resulting theory gives the dual description of the Donaldson invariants ||30|| .11 



For manifold with p g = 0, no such perturbation is possible and one should integrate 
over the whole complex plane p0j.il The extra contributions from the generic points 



23 The Seiberg-Witten monopole equation is the close cousin of the equation appeared in the 
Vafa and Witten's paper on a twisted N = 4 super- Yang-Mills theory p3[ |. The simlarity has an 
obvious origin since the N = 4 theory can be viewed as an N = 2 theory coupled with a N = 2 



matter multiplet in the adjoint represenation. The similar equation also appears in [55], although 
we do not know the origin of the similarity. We would like to mention that the general N = 2 
super- Yang-Mills theory with hypermultiplets can be twisted to define a set of topological field 



theories which lead to certain non-abelian version of the Seiberg-Witten monopole equation [56|. 
24 It was noticed that the Donaldson invariants and Seiberg-Witten invariants are very different 
for manifold with 63 = 1. There is no mystery in it since Seiberg-Witten monopole invariant is 
one of two parts of the Donaldson invariant. 
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of the quantum moduli space are the contributions of the abelian instantons. What we 
have calculated in this paper is essentially such contributions. We can view the original 
Seiberg-Witten monopole invariants as the contribution of the branch A. 

The Seiberg-Witten invariants can be viewed as the pairs (x,n x ) where x G if 2 (X;Z) 
with x = w 2 (X) mod 2 and n x is an integer associated with x. For each x we have an 
associated holomorphic line bundle L such that x = — ci(L 2 ) = — 2c\(L). For each L we 
have the Seiberg-Witten monopole equation. The dimension of the moduli space M.sw of 
that monopoles is given by 

dim M M% w = W X = X ' X ~ ( ^ X + 3a) . (5.11) 

The amazing fact is that the moduli space is compact. If W x = such that x 2 = 2\ + 3cr, 
one simply counts the number of the points with sign according to a suitable orientation. 
The integer n x is that algebraic sum of the points. If W x ^ and W x = 2a, one defines 

n x = f z/(S) a , (5.12) 
Jm- sw 

where v : H 2 (X;Z) — ► H 2 {M. sw - ) r L) analogous to the Donaldson ^u-map. We would like 
to remark the followings. 

i) The Seiberg-Witten invariants are metric independent for manifold with b 2 > 1. 
Witten completely determined the invariants for Kahler surface with b 2 > 1. For Kahler 
surface with p g > 1, all the higher dimensional Seiberg-Witten invariants vanish (the 
simple condition). On the other hand, it is not known if such a property still hold for 
manifold with b 2 = 1- 

ii) The Seiberg-Witten invariants vanish if a metric admits positive scalar curvature. It 
is easy to see that the Kahler surface with p g > 1 does not admit a metric of positive 
curvature except for the hyperKahler case. So there are at least two Seiberg-Witten 
invariants including (Kx, 1) and (—Kx, — 1). 

iii) The precise relation between the Seiberg-Witten invariants and the Donaldson in- 
variants for manifold of simple type with b 2 > 3 has been established by Witten |K| . The 



Seiberg-Witten class x corresponds to the basic class of Kronheimer-Mrowka and n x to the 



coefficient associated to the basic class |57| . The only other informations in the Donaldson 



invariant are all homotopy invariants, such as the intersection form. 
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Now we come back to our original problem for a simply connected Kahler surface with 
p g = 0. Similarly to the Donaldson invariants, the Seiberg-Witten invariants (x, n x ) is a 
topological invariants if n x does not change for a smooth path of metric joining two generic 
metrics. It turns out n x jumps by ±1 if there is a metric such that the monopole equation 
reduces to the equation for the abelian instanton |H(J [58] [59~| . This amounts to 



x 



jAu 9 = 0. (5.13) 



Since ui g belongs to the positive cone, the above can happen if and only if x ■ x < 0, as we 
discussed before. Conversely, n x is metric independent if x • x > 0. 

A necessary condition that n x can be non- vanishing is the non-negativity of the dimen- 



sion W x , 



x-x>2x + 3a. (5.14) 



Using 2x + 3a = 9 — n for manifold of type (1, n) with H 1 (X; M) = 0, one can conclude 
that all the Seiberg-Witten invariants are metric independent for manifold with n < 9 (or 
equivalently < 9). 

Now consider the manifold of type (1, 9 + N) with N > 0. Any possibly non- vanishing, 
at least for certain metric, Seiberg-Witten class x with x = Wz(X) mod 2 should satisfy 

x-x>-N. (5.15) 

One can divide the set of all such x into {xi nv } U {x'} where Xi nv ■ Xi nv > 0. Clearly n Xinv 
is metric independent. One can easily show that all the n T . are identically vanish. Recall 
that all n x vanish for any x with a metric which admits positive scalar curvature. From 
c\(X) A uj g = —Kx A u g = ^RgUg A uj g where u g A u g is positive definite, we have 

R g < 0, for K x ■ [uJ g ] > 0. (5.16) 

Assume that X has a metric g with negative scalar curvature, i.e, Kx • [w g ] > 0. Since 
Kx ■ Kx = —N < 0, there is a period point [ay] in the positive cone for some metric g' 
such that [ay] = K^, i.e., Kx ■ [ay] = 0. Furthermore there exists a metric g" such that 
Kx ■ [wg"] < 0. Thus the positive cone always has a chamber whose associated metrics 
admit positive scalar curvature. It follows that all n x vanish at that chamber. Since 



35 



n Xinv is metric independent it should vanish identically. Consequently, every possibly 
non-vanishing x at least for certain metric satisfies 

— N < x ■ x < — 1 and x = W2(X) mod 2. (5-17) 

Now we can conclude that for manifold of type (1,9 + N) there are no Seiberg-Witten 
class which are independent of the metric.il Similarly to the Donaldson invariants, the 
Seiberg-Witten invariant depends only on the chamber structure defined by x satisfying 
( [57171) and x = w 2 (X) mod 2. 

Consider one parameter family of gt joining two generic metrics gr_i and g\ with g a such 
that [uJ go ] G x 1 - and g t cross the wall x transversely. Witten showed that 

n x {g-i) = n x {gi) ±1. (5.18) 



5.3. The expectation values in TYM theory 

At present we do not know the precise relation between the Seiberg-Witten invariants 

d-2r /v-i \ r^r\ t / ' Tid-2r 



and the expectation values (J^li =1 fJ>(^i) ® / A - ^ n an y case ; {Iti=i r KXi)e r ) A should 
be, in general, polynomials of degree d in H 2 (X; Z) depending on (x,n x ) and qx- Since the 
values at the both two branches are well-defined, we can confirm Witten's original claim 
that the path integral approach is well-defined whatever properties the moduli space of 
ASD connections has ||. 

If we consider manifold of type (l,n) with n < 9, the variation of the expectation value 
( |5.10|) of TYM theory comes only from the branch B. The relevant chamber structure in 
this case is the set C\ of the connected components in the positive cone after removing 
the system Wk of walls defined by all the two-dimensional integral classes Q satisfying 
Ci ■ d = —k. The expectation values ^nf=i 2r M^z) ® r ^) depend on metric only by the 
chamber structure C\. Let C_|_ and C_ be the two chambers separated by the single wall 
with the same condition as (|4.8|) . From ( |5.10| ), we have 



I d—2r \ / d—2r \ d—2r 

nME«)e r ) -(IlMsoeM = tJ^i^ U (C- s,). (5.19) 

For a manifold of type (1, 9 + N) with > 0, the general transition formula can be 
more complicated. We should consider the both chamber structures for the branches A 
and B. Assuming that the metric crosses a single wall which does not intersect with 
the walls x 1 - defined by x satisfying ( |5.17| ), the transition formula is given by ( |5.19| ). 



2o 



This does not necessarily mean that there are not genuine diffeomorphism invariants. 
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6. The Relations with the Donaldson Invariants 



In this section, we discuss some conjectural relations between the expectation val- 
ues of TYM theory and the corresponding Donaldson invariants. Clearly, the ex- 
pectation value ( |5.iq ) does not coincide to the corresponding Donaldson invariants 
q k ■ ■ ■ ■> ^d_ 2r , (pt) r )- Throughout this paper, we have tried to convince the (espe- 

cially the mathematician) readers that the path integral approach to the gauge theoretic 
invariants are well-defined whatever properties the moduli space of ASD connections has. 
It is clear, due to Witten, that the TYM theory correctly determines the Donaldson invari- 
ants at least for manifold with b£ > 3. For a manifold with b£ = 1, the expectation values 
of TYM theory in general have additional contributions essentially due to the reducible 
connections. We have shown that the expectation values are well-defined and those addi- 
tional contributions can be determined exactly. In any case, the path integral approaches 
do not refer to the compactification procedure to get well-defined results. 

Now the underlying reason for the discrepancy between the expectation values of TYM 
theory and the Donaldson invariants is clear. If we incorporated compactification of the 
moduli space, the path integral will receive additional contributions from the reducible 
connections with lower instanton numbers. Similarly to the expectation value of the TYM 
theory, one can divide the Donaldson invariant into the sum of two branches 

The equivalence between the TYM theory and Donaldson theory for the manifolds with 
i>2 > 3 implies that 

ld-2r \ 

q k , x (^l, .., E d _ 2r , (pt) r )A = ( II ^) 0r } " ( 6 - 2 ) 

\ 1=1 I A 

Then the remaining part q kX {Y*i, .., £d-2r, (pt) r )B should be expressed as the sum of 
contributions of reducible holomorphic connections with the instanton numbers 1, 2, k. 
In particular, the expression (^Y[f = i T fJ-(^i) © r ^) can be regarded as the contribution of 
the reducible holomorphic connections with the instanton number k; 

1 1 d ~ 2r 

g fcjX (E l5 .., E d _ 2r , (pt) p ) B = ~ Yl ^ II (C< • E i) + • • • » ( 6 - 3 ) 

Ci-H<0, 1 = 1 
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where we normalized the expectation value by multiplying an universal factor 

\4ft-4 



(-i) 



Throughout this section, we always assume that the path of metric does not cross the 
walls responsible for the changes of the Seiberg-Witten invariants. We change the metric 
such that our ample class H cross just one wall W^, defined by a certain divisor Q satisfying 
C, ■ H + < and C ■ £ = — k, and move to another chamber C_ with ( ■ H_ > 0. Provided 
that the path of metric does not cross another walls defined by divisors £' satisfying 
= —1, —k + 1, we immediately have the transition formula 

r k x r (C + ) - T k x r (C.) = (-l) k ^C d - 2r . (6.4) 

or 

? W+ (S d " 2r ,(^) r ) -q X ,k,C-(Z d - 2r ,(pt) r ) = (-l) fc ^(C-£) d - 2r - (6-5) 

The transition formula ( |6.4|) is a generalization of the formulas obtained by Mong and 
Kotschick [[| for r = by Friedman and Qin [[J3| for the case r = 1. It also agrees with the 
results of Ellingsrud and Gottsche [|34|for general values of r up to certain normalization 



difference. 



6.1. The problem associated with the compact ificat ion 

Now the question is to determine the contribution of the reducible connections from 
the lower stratas in the compactified moduli space. If we compactify the moduli space, 
the path integral will get additional contributions from the reducible critical points whose 
associated divisors satisfying —k + 1 < £ • £ < 0. Thus, we will simply view our result 
as the contribution from the top strata. To determine the extra contributions, at least 
partially, we will use the recent result of Hu and Li which shows that 

k-i 

Mk = |J M k - e x Syn/(X), (6.6) 

e=o 

if k is sufficiently large (the condition that the Kahler metrics on X behave as generic 
metrics) . 
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We consider a <i-dimensional subspace Nk-t = N k _£ x Sym £ (X) C M k such that 
C Nk-e, dimc(ATg) = d — 21. We also assume that N k -e\Mk-£ does not contains 
any reducible connections, for arbitrary metric, other than M.k-i\M%_f We consider 
{Ji^Q-N'i C A4fc. The restriction of 71(E) to N k -e x Sym^(X) will be in the form 

71(E), = //(E)* + 2#', (6.7) 

where if' G # 2 (Sym £ (X)). We can consider the part of the Donaldson invariants con- 
tributed fromA/fc-^, 



<7Z(E) rf ,AM = 2* (d _^' )|(2£)| (vWi-^Nk-i) ((HT, [Sym'(X) 



(6.8) 



where we have used 



(2£) 



(H') 2 \ [Sym"(X)\ ) = ^-q\ where q G Sym 2 (H 2 (X; Z)). (6.9) 
Now we can use our previous result to determine (^n(H)^~ 2i , N k _g^ B , which gives 

\ E (-1)^(0-S) d - 2 ^. (6.10) 
Ci-^<o 

where the summation runs over every divisor satisfying Q • Q = —k + i. By summing up, 
we can write 

k 



^.cmrt^D-D'^E Jd^w.^'-^'"^- (6 ' n) 

e ~° d-H<0, 

Ci<i = -k+£ 

In other words 

r'vlOB^tl- 1 )" 2 '! j4^e^ Ki)i ~ 2 ' q ' + -- (6 ' 12) 

Let a smooth path of Kahler metric meet only one wall defined by ( such that 



(■( = -k + e (-H + <0<(-H- 
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(6.13) 



We have 



r k x(c+)-r k x (C-) 



-l) k -k2 e < 



(0 



(6.14) 



Now we can easily generalize the result to the polynomials including the four- 
dimensional class 



to(£ d - 2 W)B 

k 



i\k-e £-3r (d-2r)\r\ \- , . d-n-2r i , 



£=0 



(d-„-2r)!£! 

d-H<o, 

d<* = -k+£ 



where r = 0, 1, .., [d/2] — £. In other words, 



(6.15) 



T< k > r (n\ ^-\^( i\k-ic,i-3r {d — 2r)\r\ — 
Tx (C) B = r 2^-1) 2 _____ ^ (Ci) 



(d-2£-2r)!£! 



Thus the transition formula is given by 

r k /(C + ) -T k x r (C.) = (-l)*-'c2'c-3- _ jlz _ ( C )^-Vc 



(6.16) 



(6.17) 



This formula has been obtained by Kotschick and Morgan |7j for r = 0, by Friedman and 
Qin [|33|] for r = 1 and by Ellingsrud and Gottsche [34] for general r. The paper [33] has 
some explicit results beyond the leading term. In the paper [^4[ , up to the leading 3-terms 
were calculated for general r. 



6.2. The variation of the moduli space 

It is well-known that the image of moment map is a convex cone in a positive Weyl 
chamber of the Lie algebra and the critical values of the moment map define a system of 
walls in the convex cone [60]. It is also known that the symplectic quotients undergo a 



specific birational transformations closely related to the variation of GIT quotients as the 
values of moment map cross the wall[|5"T| |62|j [|63||. The walls are determined by the critical 



points of the moment map. Of course, all these are rigorous for finite dimensional compact 
manifold with compact group actions. 
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Formally speaking, our problem is an infinite dimensional analogue of the variation of 
the symplectic quotients. The moduli space of ASD connection can be identified with the 
symplectic quotients m(0) -1 /£?. An interesting fact is that the chamber structures in the 
positive cone of the manifold and those in the convex cone sitting on image of the moment 
map are determined by the same data. Our results imply that the two chamber structures 
are isomorphic! Naively speaking, this suggests that the moduli space of ASD connections 
undergoes certain birational transformations if the metric cross that walls. This picture 
also coincides with our general strategy for deriving the transition formula. Losing a higher 
critical point £ and getting another higher critical point — £ is analogous to the blown-down 
and successive blown- up. 

In the algebro- geometrical method, one constructs the moduli space of if-stable bundles 
over algebraic surface and studies the variation of the moduli space under the changes of 
the polarizations |P| [^3J . One of the advantage of the algebro-geometrical approach is that 
it has a natural way of the compactification of the moduli space. Since the moduli space 
of ff-semi-stable bundles contains the moduli space of the iif-stable bundles as a Zariski 
open subset, it gives a natural compactification. It is well-known that the diffeomorphism 
class of the moduli space depends on the chamber structure in the ample (Kahler) cone. 
Recently several papers on the variation of the moduli space of if-semi-stable bundle under 
the changes of the polarization of the ample class appeared ]34j] [|35| |33[ . They show that 
the moduli space undergoes specific birational transformation similar to the variation of 
geometrical invariant theory (GIT) quotients studied by Thaddeus and Dolgachev- 



Hu p3[. The variation of GIT quotients was also studied independently by Witten in the 



context of two-dimensional super symmetric theory and the quantum co homology rings ||67|| . 
We note that Witten's picture is quite similar to our approach. 

It is not yet clear if a natural compactification of the moduli space can be obtained using 
some path integral methods. However, our result is sufficient to predict the general form 
of the Donaldson invariants as ( |6.1| ) ( |6^ ) ( |6.3| ). If we consider when the variation of the 
Donaldson invariants get contribution only from qx k C(x)C^ d ~ 2r (pt) r )~Bi the transition 
formula of the Donaldson invariants is sufficient to determine q x k C{x) C^ d ~ 2r (ptY)'B as 
one can see from the relation between ( |6.17|) to ( |6.16| ) and ( |6.15|) . 



41 



References 



[1] S.K. Donaldson, Polynomial invariants for smooth 4-manifolds, Topology 29 (1990) 
257. 

[2] S.K. Donaldson and P.B. Kronheimer, The geometry of four-manifolds (Oxford Uni- 
versity Press, 1990). 

[3] S.K. Donaldson, Irrationality and the /i-cobordism conjecture. J. Differ. Geom. 26 
(1987) 141. 

[4] R. Friedman and J.W. Morgan, On the diffeomorphism types of certain algebraic 
surfaces I, II, J. Differ. Geom. 27 (1988) 297. 

[5] D. Kotschick, 5'0(3)-invariants for 4-manifolds with b\ = 1, Proc. London Math. Soc. 
63 (1991) 426. 

[6] K.C. Mong Polynomial invariants for 4-manifolds of type (l,ro) and a calculation for 
S 2 x S 2 , Quart. J. Math. Oxford,43 (1992) 459. 

[7] D. Kotschick and J.W. Morgan, 5'0(3)-invariants for 4-manifolds with b% = 1. II, J. 
Differ. Geom. 39 (1994) 433. 

[8] E. Witten, Topological quantum field theory, Commun. Math. Phys. 117 (1988) 353. 

[9] L. Baulieu and I.M. Singer, Topological Yang-Mills symmetry, Nucl. Phys. (Proc. 
Suppl.) 5B (1988) 12. 

[10] J.M.F. Labastida and M. Pernici, A gauge invariant action in topological quantum 
field theory. Phys. Lett. B 212 (1988) 56 

[11] R. Brooks, D. Montano and J. Sonnenschein, Gauge fixing and renormalization in 
topological quantum field theory. Phys. Lett. B 214 (1988) 91 

[12] D. Birmingham, M. Rakowski and G. Thompson, Nucl. Phys. B 315 (1989) 577 

[13] H. Kanno, Weil algebraic structure and geometrical meaning of the BRST transfor- 
mation in topological quantum field theory, Z. Phys. C 43 (1989) 477. 

[14] S. Ouvry, R. Stora and P. van Ball, Algebraic characterization of topological Yang- 
Mills theory, Phys. Lett. B 220 (1989) 1590. 

[15] D. Birminham, M. Blau, M. Rakowski and G. Thomson, Phys. Rep. 209 (1991) 129. 

[16] M.F. Atiyah and L. Jeffrey, Topological Lagrangians and cohomology, J. Geom. Phys. 
7 (1990) 1. 

42 



[17] V. Mathai and D. Quillen, Thorn classes, superconnections and equivariant differential 
forms, Topology 25 (1986) 85. 

[18] J.-S. Park, N = 2 topological Yang-Mills theory on compact Kahler surfaces, Com- 
mun. Math. Phys. 163 (1994) 113. 

[19] A. Galperin and O. Ogievetsky, Holonomy groups, complex structures and D = 4 
topological Yang-Mills theory, Commun. Math. Phys. 139 (1991) 377. 

[20] S.J. Hyun and J.-S. Park, N = 2 Topological Yang-Mills Theories and Donald- 
son's polynomials, preprint [hep-th/ 9404009| [revised by Aug., 1994], submitted to 
J. Geom. Phys. 

[21] S.J. Hyun and J.-S. Park, The N = 2 supersymmetric quantum field theories and the 
Dolbeault model of the equivariant cohomology, in preparation. 

[22] E. Witten, Supersymmetric Yang-Mills theory on a four manifolds, J. Math. Phys. 35 
(1994) 5101. 

[23] C. Vafa and E. Witten, A strong coupling test of ^-duality, Nucl. Phys. B 431 (1994) 
3 

[24] E. Witten, Introduction to cohomological field theories. Int. J. Mod. Phys. A 6 (1991) 
2273. 

[25] J.-S. Park, Holomorphic Yang-Mills theory on compact Kahler Manifolds, Nucl. Phys. 
B423 (1994) 559. 

[26] E. Witten, Two dimensional gauge theories revisited. J. Geom. Phys. 9 (1992) 303. 

[27] E. Witten, The N matrix model and gauged WZW models, Nucl. Phys. B 371 (1992) 
191; Mirror manifolds and topological field theory, in Essays on mirror manifolds, 
ed. S.-T. Yau (International Press, 1992). 

[28] N. Seiberg and E. Witten, Electric-magnetic duality, monopole condensation, and 
confinement in A = 2 supersymmetric Yang-Mills theory, Nucl. Phys. B 426 (1994) 
19. 

[29] N. Seiberg and E. Witten, Monopoles, duality, and chiral symmetry breaking in N = 2 
supersymmetric QCD, Nucl. Phys. B 431 (1994) 484. 

[30] E. Witten, Monopoles and four-manifolds, preprint |hep-t h/9411102| . 

[31] Z. Qin, Complex structures on certain differentiable 4-manifolds, Topology 32 (1993) 
551; Equivalence classes of polarizations and moduli spaces of sheaves, J. Differ. Geom. 
37 (1993) 397. 

43 



[32] W.-P. Li and Z. Qin, Low-degree Donaldson polynomial invariants of rational surfaces, 
J. Alg. Geom. 37 (1993) 417. 

[33] R. Friedman and Z. Qin, Flips of moduli spaces and transition formulas for Donaldson 



polynomial invariants of rational surfaces, preprint |alg-geom /94 1 0007 



[34] G. Ellingsrud and L. Gottsche, Variation of moduli spaces and Donaldson invariant 
under change of polarization, preprint |alg-geom / 94 1 000~5| (the expanded version). 

[35] K. Matsuki and R. Wentworth, Mumford-Thaddeus principle on the moduli space of 
vector bundles on an algebraic surface, preprint |alg-geom/9410016| . 

[36] Y. Hu and W.-P. Li, Variation of the Gieseker and Uhlenbeck compactifications, 



preprint |alg-geom/9409003 



[37] N. Berline, E. Getzler and M. Vergne, Heat kernels and Dirac Operators (Springer- 
Verlag,1992). 

[38] J. Kalkman, BRST model for equivariant cohomology and representatives for the 
equivariant Thorn class, Commun. Math. Phys. 153 (1993) 447. 

[39] N. Hitchin, The geometry and topology of moduli space, in Global geometry and 
Mathematical Physics, eds. L. Alvarez-Gaume et. als., LNM 1451 ( Springer- Ver lag, 
1992). 

[40] M. Blau, The Mathai-Quillen formalism and topological field theory, J. Geom. Phys. 
11 (1991) 129. 

[41] S. Cordes, G. Moore and S. Ramgoolam, Lectures on 2D Yang-Mills theory, equivariant 
cohomology and topological field theories, Part II, preprint [hep-th/941121C . 

[42] J.J. Duistermaat and G.J. Heckmann, On the variation in the cohomology in the 
symplectic form of the reduced phase space, Invent Math. 69 (1982) 259. 

[43] E. Witten, Supersymmetry and Morse theory, J. Differ. Geom. 16 (1982) 353. 

[44] M.F. Atiyah and R. Bott, The moment map and equivariant cohomology, Topology 
23 (1984) 1. 

[45] J. Kalkman, Cohomology rings of symplectic quotients, J. Reine Angew. Math., to 
appear. 

[46] S. Wu, An integration formula for the square of moment maps of circle actions, preprint 
|hep-th/9212071 . 



[47] L.C. Jeffrey and F.C. Kirwan, Localization for non-abelian group actions, preprint 
|alg-geom/ 9307005 . 



44 



[48] J. Kalkman, Residues in nonabelian localization, preprint hep-th/9407168 . 

[49] M. Vergne, A note on Jeffrey-Kirwan-Witten's localization formula, preprint LMENS 
-94-12. 

[50] M. Blau and G. Thompson, Localization and Diagonalization: A review of functional 
integral techniques for low-dimensional gauge theories and topological field theories, 
preprint [hep-th/9501075 



[51] G. Thompson, 1992 Trieste Lectures on Topological Gauge Theory and Yang-Mills 
Theory, 



[52] A. Gerasimov, Localization in GWZW and Verlinde formula, preprint [hep-th/ 9305090 



[53] M. Blau and G. Thompson, Lectures on 2d Gauge Theories: Topological Aspects and 
Path Integral Techniques, preprint |hep-th/9310144 . 



[54] M. Blau and G. Thompson, On Diagonalization in Map(M,G), preprint |hcp- 



| th/9402097 . 

[55] D. Anselmi and P. Fre', Gauged Hyperinstantons and Monopole Equations, preprint 
[hep-th/9411205| and references therein. 

[56] S.J. Hyun, J. Park and J.-S. Park, Topological QCD, to appear. 

[57] P. Kronheimer and T. Mrowka, Recurrence relations and asymptotics for four-manifold 
invariants, Bull. Am. Math. Soc. 30 (1994) 215. 

[58] P. Kronheimer and T. Mrowka, The genus of embedded surfaces in the projective 
plane, preprint, 1994. 

[59] J.W. Morgan, Lecture given at the Newton Inst., Dec. 1994. 

[60] M.F. Atiyah, Convexity and commuting Hamiltonians, Bull. Lond. Math. Soc. 14 
(1982) 1. 

[61] V. Guillemin and S. Sternberg, Birational equivalence in symplectic category, Invent. 
Math. 97 (1989) 485. 

[62] M. Thaddeus, Geometric invariant theory and flips, preprint |alg-geom / 9405004] . 

[63] I.V. Dolgachev and Y. Hu, Variation of geometrical invariant theory Quotients, 
preprint. 

[64] J. Li, Algebraic geometric interpretation of Donaldson's polynomial invariants, J. Dif- 
fer. Geom. 37 (1993) 417. 

[65] J.W. Morgan, Comparison of the Donaldson polynomial invariants with their algebro- 
geometric analogues, Topology 32 (1993) 449. 

45 



[66] M. Thaddeus, Stable pairs, linear systems and the Verlinde formula, preprint |alg- 
| geom/9210007 . 

[67] E. Witten, Phase of iV = 2 models in two dimensions, Nucl. Phys. B 403 (1993) 159. 



46 



